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Lecture 7. Outline.

—_

. Quickly finish isoperimetric inequality for hypercube.

N

. Modular Arithmetic.
Clock Math!!!

w

Division!!!

. Euclid’s GCD Algorithm.
A little tricky here!

N

. Inverses for Modular Arithmetic: Greatest Common Divisor.
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Isoperimetry.

For 3-space:

The sphere minimizes surface area to volume.
Surface Area: 4zr?, Volume: $rS.
Ratio: 1/3r=0(V~1/3).

Graphical Analog: Cut into two pieces and find ratio of edges/vertices
on small side.

Tree: ©(1/|V]).
Hypercube: ©(1).
Surface Area is roughly at least the volume!
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Hypercube: Can’t cut me!

Thm: Any subset S of the hypercube where |S| <|V|/2 has > |S]
edges connectingitto V- S; |[ENSx (V—-S)| > |S|
Terminology:

(S,V—-_S)iscut.

(ENSx(V—-29)) - cut edges.

Restatement: for any cut in the hypercube, the number of cut edges
is at least the size of the small side.
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Thm: For any cut (S, V — S) in the hypercube, the number of cut
edges is at least the size of the small side, |S|.
Proof: Induction Step. Case 2.
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Recall Case 1: |Syl,|S1] <|V|/2
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Also, case 3 where |Sq| > | V|/2 is symmetric.

O
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Next Up.

Modular Arithmetic.
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Algorithms at work.

Trying everything
Check 2, check 3, check 4, check 5
“(gcd x y)” at work.

euclid(700,568)
euclid (568, 132)
euclid (132, 40)
euclid (40, 12)
euclid (12, 4)
euclid (4, 0)
4

..., check y/2.

Notice: The first argument decreases rapidly.
At least a factor of 2 in two recursive calls.

(The second is less than the first.)
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Runtime Proof.

(define (euclid x y)
(if (= y 0)
X
(euclid vy (mod x vy))))

Theorem: (euclid x y) uses O(n) "divisions” where n = b(x).
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Runtime Proof (continued.)

(define (euclid x vy)
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Finding an inverse?

We showed how to efficiently tell if there is an inverse.
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Euclid’s GCD algorithm.

(define (euclid x vy)
(if (= y 0)
X
(euclid y (mod x vy))))

Computes the ged(x,y) in O(n) divisions.

For x and m, if gcd(x, m) = 1 then x has an inverse modulo m.
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Multiplicative Inverse.

GCD algorithm used to tell if there is a multiplicative inverse.
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Multiplicative Inverse.

GCD algorithm used to tell if there is a multiplicative inverse.
How do we find a multiplicative inverse?
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Extended GCD

Euclid’s Extended GCD Theorem:
For any x, y there are integers a,b where

ax+by=d where d=gcd(x,y).

“Make d out of sum of multiples of x and y.”
What is multiplicative inverse of x modulo m?
By extended GCD theorem, when gcd(x, m) = 1.

ax+bm=1
ax=1—-bm=1 (mod m).

So a multiplicative inverse of x (mod m)!!
Example: For x=12 and y =35, gcd(12,35) = 1.

(3)124(—1)35=1.

a=3and b=-1.
The multiplicative inverse of 12 (mod 35) is 3.
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Proof: Strong Induction.’

TAssume d is gcd(x, y) by previous proof.
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Review Proof: step.

Prove: returns (d, A, B) where d = Ax+ By.

ext-gcd(x,V)
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Hand Calculation Method for Inverses.

Example: gcd(7,60) = 1.
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Hand Calculation Method for Inverses.

Example: gcd(7,60) = 1.
egcd(7,60).

7(0)+60(1)
7(1)+60(0)
7(-8)+60(1) =
1)
)

- w A~

7(9) +60(~
7(—=17)+60(2

Confirm: —119+120 =1
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Wrap-up

Conclusion: Can find multiplicative inverses in O(n) time!
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