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Variance

This problem will give you practice using the "standard method" to compute the variance of a sum
of random variables that are not pairwise independent. Recall that var(X) = E[X 2 ] − E[X]2 .
A building has n floors numbered 1, 2, . . . , n, plus a ground floor G. At the ground floor, m people
get on the elevator together, and each person gets off at one of the n floors uniformly at random
(independently of everybody else). What is the variance of the number of floors the elevator does
not stop at? (In fact, the variance of the number of floors the elevator does stop at must be the
same, but the former is a little easier to compute.)
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Family Planning

Mr. and Mrs. Brown decide to continue having children until they either have their first girl or until
they have three children. Assume that each child is equally likely to be a boy or a girl, independent
of all other children, and that there are no multiple births. Let G denote the numbers of girls that
the Browns have. Let C be the total number of children they have.
(a) Determine the sample space, along with the probability of each sample point.
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(b) Compute the joint distribution of G and C. Fill in the table below.

C=1 C=2 C=3
G=0
G=1
(c) Use the joint distribution to compute the marginal distributions of G and C and confirm that
the values are as you’d expect. Fill in the tables below.

P(G = 0)
P(G = 1)

P(C = 1)

P(C = 2)

P(C = 3)

(d) Are G and C independent?
(e) What is the expected number of girls the Browns will have? What is the expected number of
children that the Browns will have?
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Coupon Collection

Suppose you take a deck of n cards and repeatedly perform the following step: take the current
top card and put it back in the deck at a uniformly random position (the probability that the card is
placed in any of the n possible positions in the deck — including back on top — is 1/n).
Consider the card that starts off on the bottom of the deck. What is the expected number of
steps until this card rises to the top of the deck? (For large n, you may use the approximation
∑ni=1 1i ≈ ln n)
[Hint: Let T be the number of steps until the card rises to the top. We have T = Tn +Tn−1 +· · ·+T2 ,
where the random variable Ti is the number of steps until the bottom card rises from position i to
position i − 1. Thus, for example, Tn is the number of steps until the bottom card rises off the
bottom of the deck, and T2 is the number of steps until the bottom card rises from second position
to top position. What is the distribution of Ti ?]
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Exploring the Geometric Distribution

In this question, we will further investigate the geometric distribution. Let X, Y be i.i.d. geometric random variables with parameter p. Let U = min{X,Y } and V = max{X,Y } − min{X,Y }.
Compute the joint distribution of (U,V ) and prove that U and V are independent. [Hint: If X ∼
Geometric(p) and Y ∼ Geometric(q) are independent, then min{X,Y } ∼ Geometric(p + q − pq).]
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